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ABSTRACT | In decentralized optimization, nodes cooperate to
minimize an overall objective function that is the sum (or average)
of per-node private objective functions. Algorithms interleave
local computations with communication among all or a subset of
the nodes. Motivated by a variety of applications-decentralized
estimation in sensor networks, fitting models to massive
data sets, and decentralized control of multirobot systems, to
name a few-significant advances have been made toward the
development of robust, practical algorithms with theoretical
performance guarantees. This paper presents an overview of
recent work in this area. In general, rates of convergence depend
not only on the number of nodes involved and the desired
level of accuracy, but also on the structure and nature of the
network over which nodes communicate (e.g., whether links are
directed or undirected, static or time varying). We survey the
state-of-the-art algorithms and their analyses tailored to these
different scenarios, highlighting the role of the network topology.

KEYWORDS | Consensus algorithms; distributed optimization;
distributed averaging; gossip algorithms; multiagent systems

Manuscript received September 21, 2017; revised January 15, 2018; accepted
February 27, 2018. Date of current version April 24, 2018. The work of A. Nedi¢ and

A. Olshevsky was supported by the U.S. Office of Naval Research under Grant
NO00014-16-1-2245. The work of A. Olshevsky was also supported by the National
Science Foundation (NSF) under Award CMMI-1463262 and by the Air Force Office of
Scientific Research (AFOSR) under Award FA-95501510394. The work of M. G. Rabbat
was supported by the Natural Sciences and Engineering Research Council of Canada
under Awards RGPIN-2012-341596 and RGPIN-2017-06266. (Corresponding author:
Michael G.Rabbat.)

A. Nedi¢ is with the School of Electrical, Computer, and Energy Engineering,
Arizona State University, Tempe, AZ 85281 USA (e-mail: angelia.nedich@asu.edu).
A. Olshevsky is with the Department of Electrical and Computer Engineering,
Boston University, Boston, MA 02215 USA (e-mail: alexols@bu.edu).

M. G. Rabbat is with Facebook Artificial Intelligence Research, Montréal, QC,
Canada and the Department of Electrical and Computer Engineering, McGill
University, Montréal, QC H3A 0G4 Canada (e-mail: mikerabbat@fb.com).

Digital Object Identifier: 10.1109/JPROC.2018.2817461

I. INTRODUCTION

In multiagent consensus optimization, n agents or nodes,
as we will refer to them throughout this paper, cooperate
to solve an optimization problem. A local objective func-
tionfi:Rd — R is associated with each node i =1,...,n,
and the goal is for all nodes to find and agree on a mini-
mizer of the average objective f(x) = (1/n) Ziz1 fi() in
a decentralized way. Each node maintains its own copy
X; € R of the optimization variable, and node i only has
direct access to information about its local objective f;;
for example, node i may be able to calculate the gradient
Vf;(x;) of f; evaluated at x;. Throughout this paper, we
focus on the case where the functions f; are convex (so f is
also convex) and where f has a nonempty set of minimiz-
ers so that the problem is well defined.

Because each node only has access to local informa-
tion, the nodes must communicate over a network to find
a minimizer of f(x). Multiagent consensus optimization
algorithms are iterative, where each iteration typically
involves some local computation followed by communi-
cation over the network.

A. Architectures for Distributed Optimization

Gradient descent is a simple, well-studied, and widely
used method for solving minimization problems, and it is
one of the first methods one typically studies in a course
on numerical optimization [1]-[3]. Gradient descent is
a prototypical first-order method because it only makes
use of gradients Vf(x) € rRY of a continuously differenti-
able objective function f: R? = R to find a minimizer x*,
gradients being the first-order derivatives of f. It is useful
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Fig. 1. Three example architectures for distributed optimization. (a) Master-worker. (b) Fully connected. (c) General connected. (a) In

the master-worker architecture, each agent sends and receives messages from the master node. (b) In a fully connected architecture,
each agent sends and receives messages to every other agent in the network. (c) In a general multiagent architecture, each agent only
communicates with a subset of the other agents in the network. Note, in these figures, the positions of each agent are not meant to reflect
geographic locations; rather, the aim is just to depict the communication topology.

to discuss how one may implement gradient descent in a dis-
tributed manner in order to build intuition for the multia-
gent optimization methods on which we focus in this paper.

Centralized gradient descent for minimizing the func-
tion f(x) starts with an initial value x% and recursively
updates it for k= 0,1,2, ..., by setting

K =k — gy () )
where ao, ol ocz,..., is a sequence of positive scalar step-
sizes. When f is convex and it has a unique minimum, it is
well known that, for appropriate choices of the stepsizes ak,
the sequence of values f x*) converges to the minimum
value of f[1]-[3].

Now, recall the multiagent setup, where

() =%§fi ) @)

and where the gradient Vf; (x) can only be evaluated at agent i.
There are a variety of distributed architectures one may
consider in this setting, and we discuss three here: 1) the
master—worker architecture; 2) the fully connected archi-
tecture; and 3) a general, connected architecture. They are
depicted in Fig. 1 and described next.

1) The Master—Worker Architecture: When f(x) decom-
poses as in (2), then the gradient also decomposes, and

Vi) = L(VA GO+ VRGO + - + V()

that is, the gradient of the overall objective is the average of
the gradients of the local objectives.

In a master—worker architecture, one node acts as the
master (sometimes also called the fusion center), maintain-
ing the authoritative copy of the optimization variable x*. At
each iteration, it sends x*to every agent, and agent i returns
vf; (x*¥) to the master. The master averages the gradients it
receives from the agents, and once it has received a gradi-
ent from every agent it can perform the gradient-descent
update (1), before proceeding to the next iteration.

The master—worker architecture is useful in that it is rel-
atively simple to implement. However, in many applications,
it may be unattractive or impractical fora variety of reasons.
First, as the number of nodes n grows large, the master node
may become a communication bottleneck if it has limited
communication resources (e.g., if its bandwidth does not
grow linearly with the size of the network), and at the same
time, scaling the bandwidth of the master with the size of
the network may be expensive or impractical. Also, the mas-
ter node may become a robustness bottleneck, in the sense
that if the master node fails then the entire network fails. In
addition, in many scenarios it may not be practical to have a
single master node that communicates with all agents. For
example, if agents are low-power devices communicating via
wireless radios, then two devices may only be able to com-
municate if they are nearby and it may not be practical to
have all nodes within the required proximity of the master.

2) The Fully Connected Architecture: A natural first step to
address some of the issues of the master—worker architecture
is to eliminate the master node, leading to a fully connected
peer-to-peer architecture, where each node communi-
cates directly with all other nodes. In this case, each node
i =1,...,n maintains a local copy of the optimization vari-
able x¥ € R%. To mimic centralized gradient descent in a sim-
ilar way, suppose that the local copies of the optimization
variables are initialized to the same value, e.g., xio =0 for
all i =1,...,n. Then, each node computes its local gradient
Vf; (x?) and sends it to every other node in the network.
Once a node has received gradients from all other nodes,
it can average them, and since x? was initialized to be the
same at every node, we have that

%Zn:vfl (xjo) = Vf(x?), foralli=1,...,n.
=1

Thus, using the average of the gradients received from its
neighbors, node i can update

xl=x0 - QO(%EV f (xg)) 3)
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and x{ is exactly equivalent to having taken one step of cen-
tralized gradient descent. Furthermore, the values xil will
be identical at all nodes, and so we can repeat this process
recursively to essentially implement centralized gradient
descent exactly in a distributed manner.

For the fully connected architecture just described,!
each node acts like a master in the master—worker architec-
ture, and so the fully connected architecture suffers from the
same issues as the master—worker architecture. Moreover,
the communication overhead of having all nodes communi-
cate at every iteration is even worse than the master—worker
architecture (it grows quadratically in the number of nodesn,
whereas the communication overhead was linear in n for
the master—worker architecture). Nevertheless, the fully
connected architecture provides a conceptual transition
from the master—worker architecture to general connected
(but not fully connected) architectures.

3) General Multiagent Architectures: Consider a peer-to-
peer architecture where node i is only connected to a sub-
set of the other nodes, and not necessarily all of them. Let
N; c {1, ...,n} denote the neighbors of node i: the subset of
nodes that sends messages to node i. Similar to the fully con-
nected case, suppose that x? e R? is initialized to the same
value at all nodes, and let x? denote the value at node i after k
iterations. We canapproximatelyimplementgradientdescent
in a decentralized manner by mimicking the update (3),
but where agent i only averages over the gradients it receives
from its neighbors, so that

xBH =yl — ak<|l\lfi|]-z Vf](x}k)> 4)

eN;

where | N;| is the size of node i’s neighborhood.

This approach given in (4) is prototypical of most multia-
gent optimization algorithms, in that the update equation
can be implemented in the following steps, which are exe-
cuted in parallel at everynodei=1,...,n.

1) Node i locally computes V fl(xie)

2) Node i transmits its gradient Vfl(ng) and receives
gradients Vf; (x]k) from its neighbors j € N;.

3) Node i uses this new information to compute the
new value x*1, e.g., via (4).

Different multiagent optimization algorithms may differ
in terms of what information gets exchanged in the second
step, and in the precise way they compute the update in the
last step, not necessarily using (4), as well as in the assump-
tions they make about the local objective functions f; or the
communication topology, captured by the neighborhoods N;.
For example: the communication topology may be static or
it may vary from iteration to iteration; communications may
be undirected (node i receives messages from node j if and
only if j also receives messages from i) or directed.

The general multiagent approach to implementing
gradient descent, given in (4), also raises a set of issues
which did not come up in the other architectures. Since the

"We refer to it as fully connected because every node communicates
with every other node at each iteration.

master—worker and fully connected architectures exactly
implement gradient descent, the well-established conver-
gence theory for gradient descent directly applies to those
architectures. However, when nodes update using the rule
(4), they no longer exactly implement centralized gradient
descent, because they use a search direction

|I\1]—i|j§]ivﬁ(x}k) + Vf(x?)

which is the average of a subset, rather than all, of the gra-

dients at other nodes. Thus, after the first iteration, the
1
Subsequently,]at the next iteration, the local gradients being
averaged at node i will have been evaluated at different val-
ues x jl. Therefore, there are a few ways in which the values
produced by multiagent gradient descent deviate from cen-

local values x ;- at different nodes are no longer equivalent.

tralized gradient descent. One may hope that, under the right
conditions, the values at different nodes will not be too differ-
ent from each other and that the local search directions will
be sufficiently similar to the gradient search direction that the
nodes still converge to (and agree on) a minimizer of f(x).
Indeed, we will see that we can identify a variety of con-
ditions under which multiagent optimization algorithms are
guaranteed to converge, and we can precisely quantify how
the convergence rate differs from that of centralized gradient
descent. Most often, this difference depends directly on the
communication topology. In many applications of interest,
either it is not possible or one does not allow each node to
communicate with every other node. The connectivity of the
network (i.e., which pairs of nodes may communicate directly
with each other) can be represented as a graph with n vertices
and with an edge from j to i if node j receives messages from
node i. We will see that the communication network topology
plays a key role in the convergence theory of multiagent opti-
mization methods in that it may limit the flow of information
between distant nodes and thereby hinder convergence.
During the past decade, multiagent consensus optimiza-
tion has been the subject of intense interest, motivated by a
variety of applications which we discuss in the next section.

B. Motivating Applications

The general multiagent optimization problem described
above was originally introduced and studied in the 1980s in
the context of parallel and distributed numerical methods
[4]-[6]. The surge of interest in multiagent convex optimi-
zation during the past decade has been fueled by a variety
of applications where a network of autonomous agents must
coordinate to achieve a common objective. We describe
three such examples next; for a survey describing additional
applications of multiagent methods for coordination, see [7].

1) Decentralized Estimation: Consider a wireless sensor
network with n nodes where node i has a measurement
& which is modeled as a random variable with density
p(&]x) depending on unknown parameters x. For exam-
ple, the network may be deployed to monitor a remote or
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difficult to reach location, and the estimate of x may be used
for scientific observation (e.g., bird migration patterns) or
for detecting events (e.g., avalanches) [8]. In many appli-
cations of sensor networks, uncertainty is primarily due
to thermal measurement noise introduced at the sensor
itself, and so it is reasonable to assume that the observations
{4}, are conditionally independent given the model
parameters x. In this case, the maximum-likelihood esti-
mate of x can be obtained by solving

n
minimize —izzllogp(cji |x)
which can be addressed by using multiagent consensus opti-
mization methods [9]-[14] with f; (x) = —logp(& x).

In this example, the data are already being gathered in
a decentralized manner at different sensors. When the data
dimension is large (e.g., for image or video sensors), it can
be more efficient to perform decentralized estimation and
simply transmit the estimate of x to the end user, rather
than transmitting the raw data and then performing central-
ized estimation [9]. Similarly, even if the data dimension is
not large, if the number n of nodes in the network is large, it
may still be more efficient to perform decentralized estima-
tion rather than sending raw data to a fusion center, since
the fusion center will become a bottleneck.

When the nodes communicate over a wireless network,
whether a given pair of nodes can directly communicate is
typically a function of their physical proximity as well as
other factors (e.g., fading, shadowing) affecting the wire-
less channel, which may possibly result in time-varying and
directed network connectivity.

2) Big Data and Machine Learning: Many methods for
supervised learning (e.g., classification or regression) can also
be formulated as fitting a model to data. This task may gener-
ally be expressed as finding model parameters x by solving

m
minimize Y 1;(x) )
=1

where the loss function [;(x) measures how well the model
with parameters x describes the jth training instance, and
the training data set contains m instances in total. For
many popular machine learning models—including linear
regression, logistic regression, ridge regression, the LASSO,
support vector machines, and their variants—the corre-
sponding loss function is convex [15].

When m is large, it may not be possible to store the train-
ing data on a single server, or it may be desirable, for other
reasons, to partition the training data across multiple nodes
(e.g., to speedup training by exploiting parallel computing
resources, or because the data are being gathered and/or
stored at geographically distant locations). In this case, the
training task (5) can be solved using multiagent optimiza-
tion with local objectives of the form [16]-[20]

f9 =3 )
jedi
where J; is the set of indices of training instances at node i.

In this setting, where the nodes are typically servers
communicating over a wired network, it may be feasible
for every node to send and receive messages from all other
nodes. However, it is often still preferable, for a variety of
reasons, to run multiagent algorithms over a network with
sparser connectivity. Communicating a message takes time,
and reducing the number of edges in the communication
graph at any iteration corresponds to reducing the number
of messages to be transmitted. This results in iterations that
take less time and also that consume less bandwidth.

3) Multrobot Systems: Similar to the previous example,
multiagent methods have attracted attention in applications
requiring the coordination of multiple robots because they
naturally lead to decentralized solutions. One well-studied
problem arising in such systems is that of rendezvous—
collectively deciding on a meeting time and location. When
the robots have different battery levels or are otherwise het-
erogeneous, it may be desirable to design a rendezvous time
and place, and corresponding control trajectories, which
minimize the energy to be expended collectively by all
robots. This can be formulated as a multiagent optimization
problem where the local objective f;(x) at agent i quantifies
the energy to be expended by agent i and x encodes the time
and place for rendezvous [7], [21].

When robots communicate over a wireless network, the
network connectivity will be dependent on the proximity of
nodes as well as other factors affecting channel conditions,
similar to the first example. Moreover, as the robots move,
the network connectivity is likely to change. It may be desira-
ble to ensure that a certain minimal level of network connec-
tivity is maintained while the multirobot system performs its
task, and such requirements can be enforced by introducing
constraints in the optimization formulation [22].

C. Outline of the Paper

The purpose of this paper is to provide an overview of
the main advances in this field, highlighting the state-of-the-
art methods and their analyses, and pointing out open ques-
tions. During the past decade, a vast literature has amassed
on multiagent optimization and related methods, and we
do not attempt to provide an exhaustive review (which, in
any case, would not be feasible in the space of one article).
Rather, in addition to describing the main advances and
results leading to the current state of the art, we also seek to
provide an accessible survey of theoretical techniques aris-
ing in the analysis of multiagent optimization methods.

As we have already seen, decentralized averaging algo-
rithms—where each node initially holds a number or vector,
and the aim is to calculate the average at every node—form
a fundamental building block of multiagent optimiza-
tion methods. Section II reviews decentralized averaging
algorithms and their convergence theory in the setting of
undirected graphs, where node i receives message from
node j if and only if j also receives messages from i. The
main results of this section provide conditions under which
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decentralized averaging algorithms converge asymptotically
to the exact average, and they quantify how close the values
at each node are to the exact average after a finite number
k of iterations. We initially consider the general scenario
where the communication topology is time varying, finding
that a sufficient condition for convergence is that the topol-
ogy be sufficiently well connected over periodic windows
of time. Then, for the particular case where the communi-
cation topology is static, we present stronger results illus-
trating how the rate of convergence depends intimately on
properties of the communication topology.

With these results for decentralized averaging in hand,
Section III presents multiagent optimization methods and
theory in the setting of undirected communication net-
works. This section reviews convergence theory for the cen-
tralized subgradient method, which generalizes gradient
descent to handle convex functions which are not necessarily
differentiable; such functions arise in a variety of important
contemporary applications, such as estimators using #; regu-
larization (e.g., the LASSO) or fitting support vector machines.
The main results of this section establish conditions for con-
vergence of decentralized, multiagent subgradient descent,
including quantifying how the rate of convergence depends
on the network topology. This section also discusses recent
advances which lead to faster convergence in certain settings,
such as when the network size is known in advance, or when
the objective function is strongly convex.

Section IV then describes how decentralized averaging
and multiagent optimization methods can be extended to run
over networks with directed connectivity (i.e., where node i
may receive messages from j although j does not receive mes-
sages from i). The key technique we study, which enables
this extension, is the so-called “push-sum” approach. We
provide a novel, concise analysis of the push-sum method for
decentralized averaging, and then we describe how it can be
used to obtain decentralized optimization methods.

Section V discusses a variety of ways that the basic
approaches described in Sections III and IV can be extended.
For example, in both Sections IIT and IV we limit our attention
to methods for unconstrained optimization problems running
in a synchronous manner. Sections V discusses how to han-
dle constrained optimization problem and how multiagent
optimization methods can be implemented in an asynchro-
nous manner. It also describes other extensions, such as han-
dling stochastic gradient information or online optimization
(where the objective function varies over time), and discusses
connections to other methods for distributed optimization.

We conclude in Section VI and highlight some open
problems.

D. Notation

Before proceeding, we summarize some notation that is used
throughout the rest of this paper. A matrix is called stochastic if
it is nonnegative and the sum of the elements in each row equals
one. A matrix is called doubly stochastic if, additionally, the

sum of the elements in each column equals one. To a stochastic
matrix A € R™", we associate the directed graph G, with vertex
set {1,...,n} and edge set Ey = {(i,j) | aj > 0}. Note that this
graph may contain self-loops. A directed graph is strongly con-
nected if there exists a directed path from any initial vertex to
every other vertex in the graph. For convenience, we abuse nota-
tion slightly by using the matrix A and the graph G, interchange-
ably; for example, we say that A is strongly connected. Similarly,
we say that the matrix A is undirected if (i,j) € E, implies
(j,i) € E,. Finally, we denote by [A], the thresholded matrix
obtained from A by setting every element smaller than a to zero.

Given a sequence of stochastic matrices AO, Al, Az...,
for k > 1, we denote by A*! the product of matrices A* to A!
inclusive, i.e.,

Akl = AR pR=1. AL

We say that a matrix sequence is B -strongly-connected if the
graph with vertex set {1, ...,n} and edge set

(1+1)B-1
U Ea
k=IB
is strongly connected for each [ = 0,1,2,.... Intuitively, we

partition the iterations k = 1,2, ... into consecutive blocks
of length B, and the sequence is B-strongly-connected when
the graph obtained by unioning the edges within each block
is always strongly connected. When the graph sequence is
undirected, we will simply say B -connected.

The out-neighbors of node i at iteration k refers to the
set of nodes that can receive messages from it

Nk = {j | af >0}

and similarly, the in-neighbors of i at iteration k are the
nodes from which i receives messages

Nink = {] | aﬁ > 0}.

We assume that i is always a neighbor of itself (i.e., the
diagonal entries of Ak are nonzero), which means that we
always have i € N?U* and i € NI™, When the graph is not
time varying, we simply refer to the out-neighbors N{"* and
in-neighbors N in When the graph is undirected, the sets of
in-neighbors and out-neighbors are identical, so we will sim-
ply refer to the neighbors N; of node i, or N {Q in the time-vary-
ing setting. The out-degree of node i at iteration k is defined
as the cardinality of N outk and is denoted by doutk = |N ?m’k|.
Similarly, d;‘“’k, as, d%n, d?, and d; denote the cardinalities,
respectively, of the sets N %n’k, NN %n, N ?, and N;.

ITI. DECENTRALIZED AVERAGING OVER
UNDIRECTED GRAPHS

This section reviews methods for decentralized averaging
that will form a key building block in our subsequent discus-
sion of methods for multiagent optimization.
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A. Preliminaries: Results for Averaging

We begin by examining the linear consensus process
defined as

Hl=aky® k=0,1,... (6)

X1 are stochastic, and the initial

where the matrices AF € R
vector x € R" is given. Various forms of (6) can be imple-
mented in a decentralized multiagent setting, and these
form the backbone of many decentralized algorithms.

For example, consider a collection of nodes intercon-
nected in a directed graph and suppose node i holds the ith
coordinate of the vector x*. Consider the following update
rule: at step k, node i broadcasts the value xF to its out-
neighbors, receives values xk

j
k+1 0 be the average of the messages it has received,

from its in-neighbors, and
sets x;
so that

k+1 _
Xi dlnk Z kx
]eNln

This is sometimes called the equal neighbor iteration, and
by stacking up the variables x¥ into the vector x* it can be
written in the form of (6) with an appropriate choice for the
matrix A*,

Intuitively, we may think of the equal-neighbor updates
in terms of an opinion dynamics process over a network
wherein node i repeatedly revises its opinion vector x* by
averaging the opinions of its neighbors. As we will see later,
under some relatively mild conditions this process con-
verges to a state where all opinions are identical, explaining
why (6) is usually referred to as the “consensus iteration.”

Over undirected graphs, an alternative popular choice of
update rule is to set

l=xltpe ¥ (x;»Q - x?)
jeNt

where e > 0 is sufficiently small. Unfortunately, finding an
appropriate choice of e to guarantee convergence of this
iteration can be bothersome (especially when the graphs are
time varying), and it generally requires knowing an upper
bound on the degrees of nodes in the network.

Another possibility (when the underlying graphs are
undirected) is the so-called Metropolis update

=xft Y — {d = (xf = xb). @)
1’]

jeNk max

The Metropolis update requires node i to broadcast both
xF and its degree d¥ to its neighbors. Observe that the
Metropolis update of (7) can be written in the form of (6)
where the matrices A* are doubly stochastic.

A variation on this is the so-called lazy Metropolis update
k+1 k k
=xt+ ——— (x{ — x; (8)
! ]ezN:k2max{die,d]k} ( J l)
with the key difference being the factor of 2 in the denomi-
nator. It is standard convention within the probability lit-
erature that such updates are called “lazy,” since they move

Network Topology and Communication-Computation Tradeoffs in Decentralized Optimization

half as much per iteration. As we will see later, the lazy
Metropolis iteration possesses a number of attractive con-
vergence properties.

As we have alluded to above, under certain technical
conditions, the iteration of (6) results in consensus, meaning
that all of the x? (fori=1,...,n) approach the same value as
k — . We describe one such condition next. The key
properties needed to ensure asymptotic consensus are that
the matrices A* should exhibit sufficient connectivity and
aperiodicity (in the long term). In the following, we use
the shorthand G* for Gk, the graph corresponding to the
matrix A¥. The starting point of our analysis is the following
assumption.

Assumption 1: The sequence of directed graphs G, Gt
GZ,... is B-strongly-connected. Moreover, each graph Gk
has a self-loop at every node.

As the next theorem shows, a variation on this assump-
tion suffices to ensure that the update of (6) converges to
consensus.

Theorem 1 (Consensus Convergence over Time-Varying
Graphs) [5], [23]: Suppose the sequence of stochastic
matrices A° AL ,A2 ,... has the property that there exists an
o> 0 such that the sequence of graphs G[Ao]a, G[Al]a9 G[Az]a,
satisfies Assumption 1. Then x(t) converges to a limit in
span{l} and the convergence is geometric.” Moreover,
if all the matrices A* are doubly stochastic, then for all
i=1,...,n

k Zl lxl

lim x
k—o0

On an intuitive level, the theorem works by ensuring two
things. First, there needs to be an assumption of repeated con-
nectivity in the system over the long term, and this is what the
strong-connectivity condition does. Furthermore, thresholding
the weights at some strictly positive o rules out counterexam-
ples where the weights decay to zero with time. Second, the
assumption that every node has a self-loop rules out a class of
counterexamples where the underlying graph is bipartite and
the underlying opinions oscillate.> Once these potential coun-
terexamples are ruled out, Theorem 1 guarantees convergence.
We now turn to the proof of this theorem, which while
being reasonably short, still builds on a sequence of prelimi-
nary lemmas and definitions which we present first. Given a
sequence of directed graphs G°,G*,G?,..., we say that node
b is reachable from node a in time period k:[ if there exists
a sequence of directed edges ek ekt et el such that
i) el is present in G/ for all j ] =1,...,k; ii) the origin of elis a;
and iii) the destination of e* is b. Note that this is the same as
stating that [Wk:l]ba > 0 if the matrices W* are nonnegative

2A sequence of vectors z(t) converges to the limit z geometrically if
[lz(t) = z||, < ca' for some ¢ >0,and 0 < a < 1.
3Indeed, observe that if we do not require that each node has a self-

loop, the dynamics X = (O (1)) xk, started at x° # 0, would be a coun-
terexample to Theorem 1.
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with [W' ] > 0 if and only if (j,i) belongs to Gk. We use
Nk l(a) to denote the set of nodes reachable from node a in
time period k:1.

The firstlemma discusses the implications of Assumption
1 for products of the matrices AR,
Lemma 2 [5], [23], [24]: Suppose A% AL A% s a
sequence of nonnegative matrices with the property that
there exists > 0 such that the sequence of graphs G[,0] ,
Gla1,,Gla?],»
1, AC +n)B L:IB

.. satisfies Assumption 1. Then for any integer

isa strictly positive matrix. In fact, every entry
of AFMB=LIB j¢ ¢ least o"E.

The proof, given next, is a mathematical formalization
of the observation that sufficiently long paths exist between
any two nodes.

Proof: Consider the set of nodes reachable from node i in
time period kg, to kgpish in the graph sequence G491 , Gy, »
Gla?),;---> and denote this set by N RénishRstar (i). Since each of
these graphs has a self-loop at every node by Assumption 1,
the reachable set can only be enlarged, i.e.,

Nkﬁnish:ksmrt (l) - Nkﬁnish+1:ksl;\rt (1) for all i’ kstarts kfinish .

A further immediate consequence of Assumption 1 is
that if N™VB() % {1,...,n}, then N{MDB-LIB () g
strictly larger than NmB_l:lB(i), because during times
(m+1)B — 1:mB there is an edge in some [Gi]a leading
from the set of nodes already reachable from i to those
not already reachable from i. Putting together these two
properties, we obtain that from IB to (I +n)B — 1 every
node is reachable, i.e.,

NGHB=TB Gy — 1 1.

But since every nonzero entry of [Ak]a is at least & by con-

(HmB-LIB 5 ;1B 2nd the lemma

struction, this implies that A
is proved. O

Lemma 2 tells us that, over sufficiently long horizons,
the products of the matrices AF have entries bounded away
from zero. The next lemma (which is a weaker version of a
lemma from [25]) discusses what multiplication by such a

matrix does to the spread of the values in a vector.

Lemma 3 [25]: Suppose W is a stochastic matrix, every
entry of which is at least > 0. If v = Wu, then

...............

Proof: Without loss of generality, let us assume that the
largest entry of u is u; and the smallest entry of u is u,,. Then,
forle{l,...,n}

v < (1= pBus+ Bu,
v 2 pup+ (1= pu,

Network Topology and Communication-Computation Tradeoffs in Decentralized Optimization

so that for any a,b € {1, ...,n}, we have

va_vbs(l _ﬁ)ul+ﬁun_(ﬁu1+(l _ﬁ)un)
=1 -2fu; — (1 -2Pu,.

With these two lemmas in place, we are ready to prove
Theorem 1. Our strategy is to apply Lemma 3 repeatedly to
show that the spread of the underlying vectors keeps getting
smaller. O

Proof of Theorem 1: Since we have assumed that G[49] ,

Gla],»G[a2], - .- satisfy Assumption 1, by Lemma 2, we have
that
[Ale(l+n)B—1]ij > anB
forall 1 =0,1,2,..., and i,j = 1,...,n. Applying Lemma 3
gives that
maX x(l+n)B — min X(l+n)B
i=1,. i=1,...,n

IB 1B
S(I—Za"B)(izrrllaX xi — nlnn X; )

seenll

Applying this recursively, we obtain that |xl§ - x’§| — 0 for
alla,be{l,...,n}.

To obtain further that every Xk converges, it suffices to
observe that x? lies in the convex hull of the vectors x' for
t < k. Finally, since each Akis doubly stochastic

Z xl.QH — 1Txk+1 — lTAkxk — 1T k _ Z xk
j=L..n ) j=L..n’

where 1 denotes a vector with all entries equal to one, and
thus all x,k must converge to the initial average. O

A potential shortcoming of the proof of Theorem 1 is that
the convergence time bounds it leads to tend to scale poorly
in terms of the number of nodes n. We can overcome this
shortcoming as illustrated in the following propositions. These
results apply to a much narrower class of scenarios, but they
tend to provide more effective bounds when they are applicable.

The first step is to introduce a precise notion of conver-
gence time. Let T(n,e,{AO,AZ,...,}) denote the first time
k when

H l lxl 1||
1 1xl 1”

In other words, the convergence time is defined as the

time until the deviation from the mean shrinks by a factor
of e. The convergence time is a function of the desired accu-
racy e and of the underlying sequence of matrices. In par-
ticular, we emphasize the dependence on the number of
nodes n. When the sequence of matrices is clear from con-
text, we will simply write T(n, ¢).
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Proposition 4: Suppose

SN
where each A¥is a doubly stochastic matrix. Then

n
k_ i=1xi1
n

0 k n .0
= o0yl Et]
1=0,1,2,...
where ,(A") denotes the second-largest singular value of
the matrix AL
We skip the proof, which follows quickly from the defi-

nition of singular value.
We adopt the slightly nonstandard notation

A=sup PAVY) ©)
>0
so that the previous proposition can be conveniently restated
as

wyx? o)
”xk — ==l 1“ < lk”xo _ X =Ll |8 (10)

Recalling that log(1/4) < 1/(1 — 2), a consequence of this
equation is that

T({n,e,A%,A1,....}) =O(1illn%)

1n

so the number A provides an upper bound on the conver-
gence rate of decentralized averaging.

In general, there is no guarantee that 1 < 1, and the
equations we have derived may be vacuous. Fortunately, it
turns out that for the lazy Metropolis matrices on connected
graphs, it is true that 1 < 1, and furthermore, for many fami-
lies of undirected graphs it is possible to give order-accurate
estimates on A, which translate into estimates of conver-
gence time. This is captured in the following proposition.
Note that all of these bounds should be interpreted as scal-
ing laws, explaining how the convergence time increases as
the network size n increases, when the graphs all come from
the same family.

Proposition 5 (Network Scaling for Average Consensus
Via the Lazy Metropolis Iteration): If each A is the lazy
Metropolis matrix on the

1) path graph, then T(n,€) = O(nzlog(l/e));

2) 2-D grid, then T(n,e) = O(n logn log(1/€));

3) 2-D torus, then T(n,€) = O(n log(1/€));

4) k-dimensional torus, then T(n,€) = O(nZ/k log(lle));
5) star graph, then T(n,€) = O(nzlog(lle));

6) two-star graphs,4 then T(n,e) = O(n2 log(l/e));

7) complete graph, then T(n,€) = O(1);

8) expander graph, then T(n,e) = O(log(1/€));

A two-star graph is composed of two star graphs with a link
connecting their centers.

9) Erd§s—Rényi random graph,” then with high prob-
ability® T(n,€) = O(log(1/€));
10) geometric random graph,” then with high probabil-
ity T(n,€) = O(n logn log(1/€));
11) any connected undirected graph, then T(n,e) =
0(n*log(1/e)) .

Sketch of the Proof: The spectral gap 1/(1 — A) can be
bounded as O(H) where ¥ is the largest hitting time of
the Markov chain whose probability transition matrix is
the lazy Metropolis matrix [28, Lemma 2.13]. We thus
only need to bound hitting times on the graphs in ques-
tion, and these are now standard exercises. For exam-
ple, the fact that the hitting time on the path graph is
quadratic in the number of nodes is essentially the main
finding of the standard “gambler’s ruin” exercise (see,
e.g., [29, Prop. 2.1]). The result for the 2-D grid fol-
lows from putting together [30, Th. 2.1 and Th. 6.1]. For
corresponding results on 2-D and k-dimensional tori,
see [29, Th. 5.5]; note that we are treating k as a fixed
number and looking at the scaling as a function of the
number of nodes n. Hitting times on star, two-star, and
complete graphs are elementary exercises. The result
for an expander graph is a consequence of Cheeger’s
inequality; see [26, Th. 6.2.1]. For Erdds—Rényi graphs,
the result follows because such graphs are expanders
with high probability; see the discussion in [26, p. 170].
For geometric random graphs, a bound can be obtained
by partitioning the unit square into appropriately sized
regions, thereby reducing to the case of a 2-D grid; see
[31, Th. 1.1]. Finally, the bound for connected graphs is
from [32, Lemma 2.2]. O

Fig. 2 depicts examples of some of the graphs discussed
in Proposition 5. Clearly the network structure affects
the time it takes information to diffuse across the graph.
For graphs such as the path or 2-D torus, the dependence
on n is intuitively related to the long time it takes infor-
mation to spread across the network. For other graphs,
such as stars, the dependence is due to the central node
(i.e., the “hub”) becoming a bottleneck. For such graphs
this dependence is strongly related to the fact that we
have focused on the Metropolis scheme for designing
the entries of the matrices A*. Because the hub has a
much higher degree than the other nodes, the resulting

SAn Erdés—Rényi random graph with n nodes and parameter p has a
symmetric adjacency matrix A whose (3 ) distinct off-diagonal entries are
independent Bernoulli random variables taking the value 1 with probabil-
ity p. In this paper, we focus on the case where p = (1 + €) log(n) /n,
where £ > 0, for which it is known that the random graph is connected
with high probability [26].

6A statement is said to hold “with high probability” if the probability
of it holding approaches 1 as n — 0. In this context, n is the number of
nodes of the underlying graph.

A geometric random graph is one where n nodes are placed
uniformly and independently in the unit square [0,1]% and two nodes are
connected with an edge if their distance is at most r,,. In this paper, we
focus on the case where r2 = (1 + €) log(n) /n for some &> 0, for which it
is known that the random graph is connected with high probability [27].
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(a) (b)

PASRASES

Fig. 2. Examples of some graph families mentioned in Proposition 5. (a) Path graph with n = 5. (b) Two-dimensional grid with n = 16.

(c) star graph with n = 6. (d) Two-star graph with n = 12.

Metropolis updates lead to very small changes and hence
slower convergence (i.e., Ak is diagonally dominant); see
(7). In general, for undirected graphs in which neighbor-
ing nodes may have very different degrees, it is known
that faster rates can be achieved by using linear iterations
of the form of (6), where A¥ is optimized for the particu-
lar graph topology [33], [34]. However, unlike using the
Metropolis weights—which can be implemented locally
by having neighboring nodes exchange their degrees—
determining the optimal matrices AF involves solving a
separate network-wide optimization problem; see [34]
for a decentralized approximation algorithm.

On the other hand, the algorithm is evidently fast on
certain graphs. For the complete graph [where every node
is directly connected to every other node, this is not surpris-
ing, since A = (1/n)11 7], the average is computed exactly at
every other node after a single iteration. Expander graphs
can be seen as sparse approximations of the complete graph
(sparse here is in the sense of having many fewer edges)
which approximately preserve the spectrum, and hence the
hitting time [35]. In applications where one has the option
to design the network, expanders are particularly of practical
interest since they allow fast rates of convergence—hence,
few iterations—while also having relatively few links, so
each iteration requires few transmissions and is thus fast to
implement [36], [37].

B. Worst Case Scaling of Decentralized Averaging

One might wonder about the worst case complexity of
average consensus: how long does it take to get close to the
average on any graph? Initial bounds were exponential in
the number of nodes [5], [6], [23], [38]. However, Proposition
5 tells us that this is at most O(n?) using a Metropolis
matrix. A recent result [28] shows that if all the nodes know
an upper bound U on the total number of nodes which is
reasonably accurate, this convergence time can be brought
down by an order of magnitude. This is a consequence of the
following theorem.

Theorem 6 (Linear Time Convergence for Consensus)
[28],[32]: Suppose8 each node in an undirected connected

graph G implements the update
ko k
kL W W
w;  =u; + ZjEZN]_ max(di,dj)

=l (1)) Wi —wl) @)

ToU+1

where U > n and u® = w®. Then
k
o~ w13 <2 (1~ o)l ~ w3

where w = (1/n) 21”:1“’10 is the initial average.

Thus, if every node knows the upper bound U, the above
theorem tells us that the number of iterations until every
element of the vector wF is at most e away from the initial
average W is (U In(1/€)). In the event that U is within a con-
stant factor of n (e.g., n < U < 10n), this turns out to be
linear in the number of nodes n. One situation in which
this is possible is if every node precisely knows the number
of nodes in the network, in which case they can simply set
U = n. However, this scheme is also useful in a number of
settings where the exact number of nodes in the system is
not known (e.g., if nodes fail) as long as approximate knowl-
edge of the total number of nodes is available.

Intuitively, (12) takes a lazy Metropolis update and
accelerates it by adding an extrapolation term. Strategies
of this form are known as overrelaxation in the numeri-
cal analysis literature [39] and as Nesterov acceleration in
the optimization literature [40]. On a nontechnical level,
the extrapolation speeds up convergence by reducing the
inherent oscillations in the underlying sequence. A key fea-
ture, however, is that the degree of extrapolation must be
carefully chosen, which is where knowledge of the bound
U is required. At present, open questions are whether
any improvement on the quadratic convergence time of

8Note that we do not adhere to the common convention of using
“linear convergence” as a synonym for “geometric convergece”; rather,
“linear time” convergence in this paper refers to a convergence time
which scales as O(n) in terms of the number of nodes n.
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Proposition 5 is possible without such an additional assump-
tion, and whether a linear convergence time scaling can be
obtained for time-varying graphs.

ITI. DECENTRALIZED OPTIMIZATION
OVER UNDIRECTED GRAPHS

We now shift our attention from decentralized averaging
back to the problem of optimization. We begin by describing
the (centralized) subgradient method, which is one of the
most basic algorithms used in convex optimization.

A. The Subgradient Method

To avoid confusion in the latter part of the paper when
we discuss decentralized optimization methods, here we con-
sider an iterative method for minimizing a convex function
h:R? 5 R. A vector geR dis called a subgradient of h at the
point x if

h(y) > h(x) +gT(y —x), forallx,ye RY. (13)

The subgradient may be viewed as a generalization of
the notion of the gradient to nondifferentiable (but convex)
functions. Indeed, if the function h is continuously differen-
tiable, then g = V h(x) is the only subgradient at x. In gen-
eral, there are multiple subgradients at points x where the
function h is not differentiable. See Fig. 3 for a graphical
illustration.

The subgradient method”® for minimizing the function h
is defined as the iterate process

S

- a'g* (14)
where gk is a subgradient of the function h at the point uk,
The quantity afisa nonnegative stepsize.

The subgradient method has a somewhat different moti-
vation than the gradient method. It is well known that the
gradient is a descent direction at points that are not the
global minima. At these points, unlike the gradient, the
subgradient gives a direction along which either the func-
tion h(-) decreases or the distance toward the set of global
minima decreases for small enough stepsizes. In general,
it is hard to know what is the best stepsize choice for the
convergence of the subgradient method and, as a simple
option, a diminishing stepsize atis commonly used, i.e., a
stepsize o that decreases to zero as k increases. However,
to guarantee the convergence toward a global minimum of
the function, the rate at which the stepsize decreases has
to be carefully selected to avoid having the iterates stuck
at a point that is not a minimizer of the function, while
controlling the errors that are introduced due to the use of

The earliest work on subgradient methods appears in [42].

- i Subgradient
e T v=gle —x) + flag)

) T 7

Fig. 3. An illustration of the definition of a subgradient. At the point
Xo, the function shown is not differentiable. However, there are a
number of possible values g such that the tangent line with slope g
at X, is a global understimate of the function, and some of them are
shown in the figure. Each such g is a subgradient of the function at x,.
The figure is a modified version of an image by Felix Reidel from [41].

subgradient directions. This intuition is captured by the fol-

lowing theorem. ™

Theorem 7 (Convergence and Convergence Time for
the Subgradient Method): Let ¢ be the set of minimizers
of the function h:R? - R. Assume that i) h is convex;
ii) Y* is nonempty; and iii) ||g|l < L for all subgradients g of
the function h(-).
1) If the nonnegative stepsize sequence ak is “summa-
ble but not square summable,” i.e.,

* 2
iak =+c0 and f (4] <
k=0 k=0

then, the iterate sequence {uk} converges to some
minimizer u* € U*.

2) If the subgradient method is run for T steps with
the (constant) choice of stepsize o = VT for
k=0,...,T—1, then

J(ZE) e o e

T - 24T

where h* is the minimal value of the function, i.e.,
h* = h(u*) for any u* € U™.

Proof: 1) A proof can be found in [45, Lemma 7]. 2) The
distance ||u* — u*||3, for an arbitrary u™ € U™ is used to meas-
ure the progress of the basic subgradient method. From the def-
inition of the method, for the constant stepsize, it follows that

%— Za(gk)T(uk — U+ oc2||gk||2.

Then, using the subgradient defining inequality in (13) and

|| = e

b=l

the assumption that the subgradient norms are bounded by
L, we obtain

|| = e

u 2 _2a (h(u®) - h(u?)) + 212.

3= lut -

OUnder weaker assumptions on the stepsize than those of Theorem 7,
namely o k 0 and Zk=0 @° = ®_ one can show that lim inf,_.
h(x.) =h", where h" = inf,cpeh(x); see [1], [43], and [44].
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By summing these inequalities over k = 0,1,...T, rearrang-
ing the terms, and dividing by 2aT, one can see that

k 2
|| u* = w3

al?
2aT ’

T

T=1
T T h@h) = h) <
k=0
The result follows by using the convexity of h(-) which
yields

_ T-1
h(ZE:é “k> S% > h(uk)
T k=0

and by letting oo = 1/VT. ]

For the diminishing step in part 1), since the iterates uk
converge to some minimizer u*, so does any weighted aver-
age of the iterates (with positive weights). In particular, it
follows that

. Z}i:o akuk *
Am === =
7% Yoo
Furthermore, it is a fact that any convex function whose
domain is the entire space of the decision variables is con-
tinuous at every point. Thus, by continuity of h(-), it follows
that

In the case of a fixed stepsize, part 2) provides an error
bound in terms of the function values. On a conceptual level,
the main takeaway is that the subgradient method produces
0(1/VT) convergence to the optimal function value in
terms of the number of iterations T.

Similar to gradients, for the convex functions defined
over the entire space, the subgradients are “linear” in the
sense that a subgradient of the sum of two convex functions
can be obtained as a sum of two subgradients (one for each
function). Formally, if g; is a subgradient of a function f; at x
and g, is a subgradient of f, at x, then g; + g, is a subgradient
of fi +f, at x. [This follows directly from the subgradient
definition in (13).]

B. Decentralizing the Subgradient Method

We now return to the problem of decentralized opti-
mization. To recap, we have n nodes, interconnected in a
time-varying network capturing which pairs of nodes can
exchange messages. For now, assume that these networks
are all undirected. (This is relaxed in Section IV, which
considers directed graphs.) Node i knows the convex func-
tion f; : R™ - R and the nodes would like to minimize the
function

1 n
fo) =7 2i (x) 15)
i=1
in a decentralized way. If all the functions f; (x),...,f,(x)
were available at a single location, we could directly apply
the subgradient method to their average f(x)

where g? is a subgradient of the function f;(-) at uk,

Unfortunately, this is not a decentralized method under our
assumptions, since only node i knows the function f;(-), and
thus only node i can compute a subgradient of f; (-).

A decentralized subgradient method solves this problem
by interpolating between the subgradient method and an
average consensus scheme from Section II. In this scheme,
node i maintains the variable x? which is updated as

k+1 _ k k k_k
X; _jgfglfaijxj —a'g (16)
where g? is the subgradient of f;(-) at xF. Here the coef-
ficients [a;] come from any of the average consensus
methods we discussed in Section II. We will refer to this
update as the decentralized subgradient method. Note
that this update is decentralized in the sense that node i
only requires local information to execute it. In the case

k are scalars and we can

when f:R — R, the quantities Xj

write this as

21 = Ak _ gk gk (17)
where the vector x* € R" stacks up the xFand gk € R" stacks
up the g?. The weights a% should be chosen by each node in a
decentralized way. Later within this section, we will assume
that the matrices A* are doubly stochastic; perhaps the easi-
est way to achieve this is to use the lazy Metropolis iteration
of (8).

Intuitively, the decentralized subgradient method of
(16) pulls the value xk at each node in two directions: on
the one hand toward the minimizer (via the subgradient
term) and on the other hand toward neighboring nodes
(via the averaging term). Equation (16) can be thought
of as reconciling these pulls; note that the strength of the
consensus pull does not change, but the strength of the
subgradient pull is controlled by the stepsize, and this step-
size o® will be later chosen to decay to zero, so that in the
limit the consensus term will prevail. However, if the rate
at which the stepsize decays to zero is slow enough, then
under appropriate conditions consensus will be achieved
not on some arbitrary point, but rather on a global mini-
mizer of f(-).

We now turn to the analysis of the decentralized sub-
gradient method. For simplicity, we make the assumption
that all the functions f; () are from R to R; this simplifies the
presentation but otherwise has no effect on the results. The
same analysis extends in a straightforward manner to func-
tions f; : R R with d > 1 but requires more cumbersome

notation. !

U1f x¥ are vectors, one can still stack the per-node vectors into a
network-wide vector x¥, but then in (17) the matrix A¥ must be changed
to A* ® I, where ® is the Kronecker product and I is the d X d identity
matrix. For such details, we refer the interested reader to [24], [46], and
[47], which do not assume that x{-Q are scalars.
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Theorem 8 (Convergence and Convergence Time for
the Decentralized Subgradient Method) [24], [46]:
Let A" denote the set of minimizers of the function f. We
assume that i) each f; is convex; ii) A" is nonempty; iii)
each function f; has the property that its subgradients at
any point are bounded by the constant L; iv) the matri-
ces A* are doubly stochastic and there exists some o > 0
such that the graph sequence [Gy0],,, [Gall,, [Ga2]s, ... sat-
isfies Assumption 1; and v) the initial values x? are the
same across all nodes'? (e.g., x? = O). Then, we have the
following.

1) If the positive stepsize sequence o is “summable but
not square summable,” i.e.,

o + 2
Y o=+ and f [ok]” < o
k=0 k=0

then® for any x* € X", we have that foralli =1, ...,n,

. = 0!
Jizg f(z : >f< ).
icow
2)If we run the protocol for T steps with (con-
stant) stepsize oc = 1/VT , and with the notation
y F=(m) XL 1x1 then we have that foralli=1,.
(2 b
f 2VT VT(1-4)

)i

where 2 is defined by (9).

We remark that the quantity (ZIT=_01)71)/ T on which the
suboptimality bound is proved can be computed via an aver-
age consensus protocol after the protocol is finished if node
i keeps track of (Zl Soxi)/T.

Comparing part 2) of Theorems 7 and 8, and ignor-
ing the similar terms involving the initial conditions, we
see that the convergence bound gets multiplied by 1/(1 — 4).
This term may be thought of as measuring the “price of
decentralization” resulting from having knowledge of the
objective function decentralized throughout the network
rather than available entirely at one place.

We can use Proposition 5 to translate this into concrete
convergence times on various families of graphs, as the next
result shows. For e > 0, let us define the e -convergence time
to be the first time when

f<ZzT‘<>1y’

)t

Naturally, the convergence time will depend on e and on
the underlying sequence of matrices/graphs.

2This assumption is not necessary for the results stated here, but we
use it to simplify the exposition. When this assumption is violated, the
bound in ii) has an additional term depending on the spread of the initial
values. This term decays exponentially on the order of Ak,

By fact, we can show a stronger result that, as k — oo, the iterate
sequences {xlk converge to a common minimizer x* € X", for all i.
However, the proof is more involved; see [46].
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Corollary 9 (Network Scaling for the Decentralized
Subgradient Method): Suppose all the hypotheses of
Theorem 8 are satisfied, and suppose further that the
weights a are the lazy Metropolis weights defined in (8).
Then the convergence time can be upper bounded as

O<max((y° - x*)4,L4P§)>

2
€

where if the graphs Gl are

1) path graphs, then P, = 0(n?);
2) 2-D grid, then P, = O(n logn);
3) 2-D torus, then P, = O(n);
4) k dimensional torus, then P, = oln
5) complete graphs, then P, = O(1);
6) expander graphs, then P, = O(1);
7) star graphs, then P, = O(nz);
8) two-star graphs, then P, = 0(n?);
9) Erd8s—Rényi random graphs, then P, = O(1);
10) geometric random graphs, then P, = O(n logn);
11) any connected undirected graph, then P, = o(n?).

2/k)

These bounds follow immediately by putting together
the upper bounds on 1/(1 — A) discussed in Proposition 5
with (18).

We remark that it is possible to decrease the scaling
from O(L4P%) to O(L? Pn) in the above corollary if the con-
stant L, the type of the underlying graph (e.g., star graph,
path graph), and the number of nodes n is known to all
nodes. Indeed, this can be achieved by setting the step-
size af = BIVT and using a hand-optimized g (which will
depend on L, n, as well as the kind of underlying graphs).
We omit the details but this is very similar to the optimiza-
tion done in [19].

We now turn to the proof of Theorem 8. We will need
two preliminary lemmas covering some background in opti-
mization. The first lemma discusses how the bound on the
norms of the subgradients translate into Lipschitz continu-
ity of the underlying function.

Lemma 10: Suppose h : R 5 R is a convex function such
that h(-) has subgradients g,, gy at the points x,y, respec-
tively, satisfying || g, |l < L and llgyllz < L. Then

[h(y) —

Proof: On the one hand, we have by definition of subgradient

h(y) 2 h(x) + gy (y =)

so that, by the Cauchy-Schwarz inequality

h(x)| < L||y = x|2-

h(y) = h(x) = =L|ly = x||..

On the other hand

(19)

h(x) > h(y) + gy (x =)
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so that

h(x) = h(y) = =L|lx =yl
which we rearrange as

h(y) = h(x) < L|ly = x][. (20)

Together (19) and (20) imply the lemma. |

Our overall proof strategy is to view the decentralized
subgradient method as a kind of perturbed consensus pro-
cess. To that end, the next lemma extends our previous
analysis of the consensus process to deal with perturbations.

Lemma 11: Suppose
= Akyk Ak

where A are doubly stochastic matrices satisfying
Assumption 1 and A e R" are perturbation vectors.

1) If supy || AR|l, <L’ then

k lTk” k“o 1T°|| L
”X - nx].zs;l, X —TX]. 2'|‘1T/,L

where 1 is from (9).
2) IfAF 0, thenx® — (17x*n) 1 0.

Proof: For convenience, let us introduce the notation

k_ 1TAR
m = no-

k_ 17xK k

y=tas, =ty

Since
YeH = k4 b
we have that
eftl=Akek 4 AR —mk1
and therefore

ek — Ak—l:O eO +Ak—1:1(AO _ mO 1)

+-- +Ak_1 (Ak_z - mk_Zl) + (Ak—l - mk_ll).

Now using the fact that the vectors ¢® and Al = m'1 have
mean zero, by Proposition 4, we have

kel
llell, < 2% [le°ll> + Zg)ﬂk‘l_’llNllz-
f=

1)

This equation immediately implies the first claim of the
lemma.
Now consider the second claim. We define

L}fgirst-half = Sl'l ”A} | | 2

P
0<j<k/2

L’:econd—half = sup ”A]”2 .
ki2<j<k

Since A k — 0, we have

k . k —
sup Liirst-hatt < o0, %lm Lecond-hatt = 0. (22)
k >2 —> 0o

Now (21) implies

k
Lsecond—half
1-1 -

k
et < 442l + 242 it 4
Combining this with (22), we have that ||e||, - 0 and this
proves the second claim of the lemma. O
With these lemmas in place, we now turn to the proof of
Theorem 8. Our approach will be to view the decentralized
subgradient method as a perturbation of a subgradient-like
process followed by averaging of the entries of the vector xk.
Provided that the stepsize o* decays to zero at the appropri-
ate rate, we will argue that i) the vector x®is not too far from
its average; and ii) this average makes continual progress
towards a minimizer of the function f(-).

Proof of Theorem 8: Recall that we are assuming, for sim-
plicity, that the functions f; are from R to R. As before, let y*
be the average of the entries of the vector xke R", i.e.,

k_lTxk
=33,

Since the matrices A¥ are doubly stochastic, 174k =17 50
that

T k
k 1

Yl = gk gk

=
Now for any x* € &, we have

(yh+ _x*)z < (yk_x*)z + [ak]212

n k
-2 Otk Zi?ll 8i (yk _ x*). (23)

Furthermore, foreachi=1,...,n
g (e —x") =gh (xf —x" +y" = xf)
=gl (= x*) + gk (" = xf)
> fi () = £iGe?) = Ly =
> fi(y*) = fiG) = 22]y* — i

where the first inequality uses a rearrangement of the defi-
nition of the subgradient and the last inequality uses Lemma
10. Plugging this into (23), we obtain

0 =) < (=) L1220 () 16)
+2La L Sl - Y
204 (1) - £6)) = (4 =) = (1 —x)°

2
+lek] 12+ 21 ak%z":lb)k - xﬂ.
i=
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We can sum this up to obtain
23 () 16)
< (0 -x) =+ -x)’
+ Lzéz,)[oﬂ]2 + 2Ll§al%§:l|yl — x|

which in turn implies

Zf=0a1y1> *
] —fx
f< Yo f(x")
2 2
< (y0—x*) + 12X isle! " +2L Do 1m) Xy — x|
B 230!
2
0 -x) + 2T hle]
- Zth=oal
2L21 0 (l/n)Zl 1|y —X1|
221 006

We now turn to the first claim of the theorem statement.
The first term on the right-hand side goes to zero because its
numerator is bounded while its denominator is unbounded
(due to the assumption that the stepsize is summable but
not square summable). For the second term, we view
—aok gk as the perturbation A" in Lemma 6 to obtain that
x! —yll — 0, and in particular x! — y! - 0 for each i. It fol-
lows that the Cesaro sum (which is exactly the second term
on the right-hand side) must go to zero as well. We have
thus shown that

t Otl 1
f<7z§:=lt:00j/ > — far) > 0.

Putting this together with Lemma 11, which implies that

x% - yl — 0 for all i, we complete the proof of the first claim.

For the second claim, using i) Lemma 11; ii) the assump-
tion that the initial conditions are the same across all nodes;
and iii) the inequalities ||z|l; < V7 |1zl for vectors z € R",
we have the bound

AZEY) - e
(° =) + 12+ 2L T NVT (U )< LWW)>

< VT (1
- 2VT
0_ +\2, 12
— + L 2
_ K= L1 24)
2VT VT(1-2)
which completes the proof of the second claim. O

C. Improved Scaling With the Number of Nodes

The results of Corollary 9 improve upon those reported
n [19], [24], and [48]. A natural question is whether it is
possible to further improve the scalings even further. In par-
ticular, one might wonder how the worst case convergence
time of decentralized optimization scales with the number

Network Topology and Communication-Computation Tradeoffs in Decentralized Optimization

of nodes in the network. In general, this question is open.
Partial progress was made in [28] and [32], where, under
the assumption that all nodes know an order-accurate bound
on the total number of nodes in the network, it was shown
that we can use the linear time convergence of average con-
sensus described in Theorem 6 to obtain a corresponding
convergence time for decentralized optimization when the
underlying graph is fixed and undirected. Specifically, refer-
ences [28] and [32] consider the following update rule:

1 xk
k+1 k e R
) xR+ = Z

4 ' 2]EN max(dl, ])

xl

- Bgt

2 =yk — pok (25)

1

xl}e+1 =yl_<e+1 + (1 9U2+ 1) (yk+1 Zlg+1)

where g? is a subgradient of the function f; (-) at the point yE.
As in Section II, here the number U is an upper bound on
the number of nodes known to each individual node, and
it is assumed that U is within a constant factor of the true
number of nodes, i.e., n < U < cn for some constant ¢ (not
depending on n, U or any other problem parameters).

By relying on Theorem 6, it is shown in [28] and [32]
that the corresponding time until this scheme (followed by
around of averaging) is € close to consensus on a minimizer
of In) i 1fi(") is O(n logn + n/ez). It is an open ques-
tion at present whether a similar convergence time can be
achieved over time-varying graphs or without knowledge of
the upper bound U.

D. The Strongly Convex Case

The error decrease of 1/VT with the number of itera-
tions T is, in general, the best possible rate for dimension-
independent convex optimization [49]. Under the stronger
assumption that the underlying functions f;(-) are strongly
convex with Lipschitz-continuous gradients, gradient
descent will converge geometrically. Until recently, how-
ever, there were no corresponding decentralized protocols
with a geometric rate.

Significant progress on this issue was first made in [50],
where, over fixed undirected graphs, the following scheme
was proposed:

2 = (14 W)X — Wk — ofv () — v FGH)] (26)

with the initialization
xr=Wx — av f(x0).

Here, for simplicity, we continue with the assumption
that the functions fi(-) are from R to R. The matrices W
and W are two different, appropriately chosen, symmetric
stochastic matrices compatible with the underlying graph;
for example, W might be taken to be the Metropolis matrix
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and W= (I + W)/2 . It was shown in [50] that this scheme,
called EXTRA, drives all nodes to the global optimal at a
geometric rate under natural technical assumptions.

It is not immediately obvious how to extend the EXTRA
update to handle time-varying directed graphs; the origi-
nal proof in [50] only covered static, undirected graphs.
Progress on this question was made in [51] which, in addi-
tion to providing a geometrically convergent method in
the time-varying and directed cases, also provides a new
intuitive interpretation of EXTRA. Indeed, Nedi¢ et al. [51]
observe that the scheme

X = Wik — gk

YR = Whyk v fGRH ) — v (k) (27)
is a special case of the EXTRA update of (26). Here, the
initialization x° can be arbitrary, while yO =V f(xo). The
matrices W* are doubly stochastic. Moreover, (27) has a
natural interpretation. In particular, the second line of (27)
is a tracking recursion: yk tracks the time-varying gradient
average 1Tv f(xk)/ n. Indeed, observe that, by the double sto-
chasticity of Wk, we have that

1Tykm=1"v f(*)/n.

In other words, the vector yk has the same average as
the average gradient. Moreover, it can be seen that if xF %,
then yk — Vf(%); this is due to the “consensus effect” of
repeated multiplications by W*. Such recursions for track-
ing were studied in [52].

While the second line of (27) tracks the average gradient,
the first line of (27) performs a decentralized gradient step
as if yk was the exact gradient direction. The method can be
naturally analyzed using methods for approximate gradient
descent. It was shown in [51] that this method converges to
the global optimizers geometrically under the same assump-
tions as EXTRA, even when the graphs are time varying; fur-
thermore, the complexity of reaching an € neighborhood of
the optimal solution is polynomial in n.

We conclude by remarking that there is quite a bit of
related work in the literature. Indeed, the idea to use a
two-layered scheme as in (27) originates from [53]-[57].
Furthermore, improved analysis of convergence rates over
an undirected graph is available in [58] and [59].

IV. AVERAGING AND OPTIMIZATION
OVER DIRECTED GRAPHS

A. Decentralized Averaging Over Directed Graphs

We have seen in Section II that over time-varying undi-
rected graphs, the lazy Metropolis update results in consen-
sus on the initial average. In this section, we ask whether
this is possible over a sequence of directed graphs.

By way of motivation, we remark that many applica-
tions of decentralized optimization involve directed graphs.

For example, in wireless networks, the communication
radius of a node is a function of its broadcasting power; if
nodes do not all transmit at the same power level, communi-
cations will naturally be directed. Any decentralized optimi-
zation protocol meant to work in wireless networks must be
prepared to deal with unidirectional communications.

Unfortunately, it turns out that there is no direct analog
of the lazy Metropolis method for average consensus over
directed graphs. In fact, if we consider deterministic pro-
tocols where, at each step, nodes broadcast information to
their neighbors and then update their states based on the
messages they have received, then it can be proven that no
such protocol can result in average consensus; see [60]. The
main obstacle is that the consensus iterations we have con-
sidered up to now (e.g., in Section II-A) relied on doubly
stochastic matrices in their updates, which cannot be done
over graphs that are time-varying and directed. We thus
need to make an additional assumption to solve the average
consensus problem over directed graphs.

A standard assumption in the field is that every node
always knows its out-degree. In other words, whenever a
node broadcasts a message it knows how many other nodes
are within listening range. In practice, this can be accom-
plished via a two-level scheme, wherein nodes broadcast
hello messages at an identical and high power level, while
the remainder of the messages are transmitted at lower
power levels. The initial exchange of hello messages pro-
vides estimates of distance to neighboring nodes, allowing
each node to see how many listeners it has as a function of
its transmission power. Alternatively, the out-degrees can
be estimated in a decentralized manner using linear itera-
tions [61], assuming that the underlying communication
topology is strongly connected.

Under this assumption, it turns out that average consen-
sus is indeed possible and may be accomplished via the fol-
lowing iteration:

4= 3

jeN ink

: )

] k+1 _ J

o1’ Yi = E Jout
] ]

X

(28)

jeN ink

initialized at an arbitrary x% and yo = 1. This is known as
the push-sum iteration; it was introduced in [62], where its
correctness was shown for a fully connected graph (allow-
ing only pairwise communications), while it was extended
to arbitrary strongly connected graphs in [63]. In [64],
the push-sum was applied to address distributed energy
resources over a static directed graph, with a more recent
extensions including imperfect communications such as
those with delays in [65] and with packet drops [66].

On an intuitive level, the update of the variables x? does
not lead to consensus because of the lack of doubly stochas-
ticity. Instead, at each time k, each x? is some linear combi-
nation of xf where j runs over a large enough neighborhood
of i. The main idea of push-sum is that an identical itera-
tion started at the all-ones vector (i.e., the update for y?)
allows the algorithm to estimate the weights of that linear
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combination. Once these weights are known, average con-
sensus can be achieved via rescaling. Indeed, we will show
later how a decentralized algorithm can use both x? and y?
to achieve average consensus.

The name “push-sum” derives from the nature of the
decentralized implementation of (28). Observe that (28)
may be implemented with one-directional communica-
tion. Specifically, every node i transmits (or broadcasts)
the values x%/d?"* and Vi k1d9" to its out- neighbors. After
these transmissions, each node has the information it needs
to perform the update (28), which involves summing the
pushed values. In contrast, the algorithms for undirected
graphs described in the previous sections required that each
node i send a message to all of its neighbors and receive
a message from each neighbor. Protocols of this sort are
known as “push-pull” in the decentralized computing lit-
erature because the transmission of a message from node
i to node j (the “push”) implies that i also expects to receive
a message from j (the “pull”).

Our next theorem, which is the main result of this sub-
section, tells us that push-sum works. For this result, we
define matrices A* as follows:

1 iy in,k
o> fjEN
af=14 4" (29)
0, else.
Theorem 12 (Convergence of Push-Sum) [62], [63], [67]:
Suppose the sequence of graphs G40,Gp1,Gpz2,... satisfies

Assumption 1. Then, foreachi=1,...,n

n 0
xt_ X
[ n '

It is somewhat remarkable that the convergence to the
average happens for the ratios xlk / y?. Adopting the notation
a. /b for the element-wise ratio of two vectors a and b, the
above theorem may be restated as

n 0
. kR .k _ 2j=1xj)
Llrrgox Ay —<7 1.

n

We now turn to the proof of the theorem. Using the
matrices A as defined in (29), the iterations in (28) may
be written as

Hopkyk kL pk
Observe that A¥ is column stochastic by design, i.e.,

1Tak=1T,

As a consequence of this, the sums of x® and yk are pre-
served, i.e.,

“ k_ .0 “ k_ N0
§Xi=;xi’ ,_21}’1'=,_21)’i =n. (30

Network Topology and Communication-Computation Tradeoffs in Decentralized Optimization

For our proof, we will need to use the fact that the vector
yk remains strictly positive and bounded away from zero in
each entry. This is shown in the following lemma.

Lemma 13: For all i, k, y? > 1/(n2"B),
Proof: By Assumption 1, every node has a self-loop, so
we have that

yk+1 > n)’l forall i,k 31
,nB —1.
Let InB be the largest multiple of nB which is at most k. If

k > nB — 1, then

and, consequently, the lemma is true for k =1, ...

yk — Ak:nlBAnlB—I:O 1.

By Lemma 2, the matrix AMB=10 ¢ the transpose product
of stochastic matrices satisfying Assumption 1, and conse-
quently each of its entries is at least ™ (where o= 1/n) by
Lemma 2. Thus

[aniB- 101] ( )nB foralli=1,...,n
n

Applying (31) to the last k — nlB steps now proves the
lemma. a

With this lemma in mind, we can give a proof of
Theorem 12 that is essentially a quick reduction to the result
already obtained in Theorem 1.

Proof of Theorem 12 Let us introduce the notation
z? =X ky yl Then, x = z yl , and therefore, we can rewrite

the push-sum update as

k+1 k+1

Vi );1 [Wk]ij Z];;y]};

or
k= 2 [WH]; (yF) 2k yF
p2

where the last step used the fact that y* # 0, which follows
from Lemma 13. Therefore, defining

pk= (diag(yk"'l) ) - Wk diag(yk)

we have that

2 = phgk,
Moreover, P is stochastic since
P*1 = (diag(y*+))” Whdiag(y*)1
(dlag k) ) 1kak

= (diag(y*+1)) ' y*+1

=1
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We have thus written the push-sum update as an “ordi-
nary” consensus update after a change of coordinates.
However, to apply Theorem 1 about the convergence of the
basic consensus process, we need to lower bound the entries
of Pk, which we proceed to do next.

Indeed, as a consequence of the definition of Pk,
choose o to be some fixed number such that

if we

-1
a< (maxy?"'l) min  [W

(i) | [WH>0

% ()

always holds, then the sequence of graphs G[po] ,Gp!],
Glp?] ,... will satisfy Assumption 1. To find an o that satisﬁes
this condltlon we make use of the fact that 1/(n?"?) < yE<
n, which is a consequence of (30) and Lemma 13. It follows
that the choice a= (1/n) - (1/n) - 1/(n?"E) suffices. Thus, we
can apply Theorem 1 and obtain that 2" converges to a mul-
tiple of the all-ones vector.

It remains to show that the final limit point is the initial
average. Let z, be the ultimate limit of each z¥. Then, for
eachk=0,1,2,...

n .k
i=1Yi
Zoo - “c0 Zn k
i=1Yi
n k. k n k) ..k
_ i1z Xim (Zoo — 3 ))’i
- n + n
n k n kY .k
_ =1 X + i:l(zoo_zi))’i
- n n
SO
n _k n k) .k
lim <z _ i=1xi> l i= 1(7~m—7~i))’i -0
R—>00 0 n - 500 n -

where the last equality used that each yl- is a positive number
upper bounded by n. Finally, appealing to the first relation
in (30) we complete the proof of the theorem. O

B. Push-Sum-Based Subgradient Method

Suppose now that every agent i has a (scalar) convex
objective function f;(-), and the system objective is to mini-
mize f(x) = (1/n) Zi=1fi(X). We next describe a decentral-
ized subgradient method for determining a minimizer of f
using the push-sum algorithm. Every node i maintains scalar
variables xf , y?,w,k, and updates them according to the fol-
lowing rules: forallk > Oand alli=1,...,n

k

xh
k+1 ]
wit =
i . %k dput,k
jeNi™ Hj
k
k+1 _ Yj
Yi - Z kdout,k
jenpdy
k+1
2R — wi
i R+
i
k+1 wk+1 ak+1gl_€+l (32)
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where ngrl is a subgradient of the function f;(z) at z = zL

The method is initiated with an arbitrary vector x? e R at
node i, and with y? = 1for all i. The push-sum updates steer
the vectors szrl toward each other in order to converge to
a common point, while the subgradients in the updates of
xf“ drive this common point to lie in the set of minimizers
of the objective function f.

In the next theorem, we establish the convergence prop-
erties of the subgradient method of (32).

Theorem 14 (Convergence of the Push-Sum Subgradient
Method) [45]: Let X* be the set of minimizers of the func-
tion f. Assume that: i) each f; is convex; ii) X* is nonempty;
iii) each function f; has the property that its subgradients at
any point are bounded by a constant L; and iv) the graph
sequence G0, Gy1,Gy2,... satisfies Assumption 1.

1) If the stepsizes at, ocz, . are positive, nonincreas-
ing, and satisfy the conditions

Sot=co and 3 [o]
k=1 k=1

then the decentralized subgradient method of (32)
converges asymptotically

lkim 2zl = x* for all i and for some x* € X*.

2) If a*=1/Vk fork>1and every node i maintains the
variable z¥ € R initialized at k = 0 with any 20 e R
and updated by

ak+1 k+1+Sk =k

it = 2 fork>0

Sk+1

where $° = 0 and sk = Z?;(l) ot

alk>1,i=1,...

for k > 1, then for
,n,and any x* € X*

L*(1 +In(k + 1))
2nvk+1

k+1 n |%(0) = x7|
f(zl ) fksz Ve+1

4L Y0 1|x]0|
81— 2)Vk+

24121 + Ink)
51— A)Vk+1

where f* is the optimal value of the problem ie,f'=
min g f(z) , and x(0) = (1/n) Tizyx?
5 and A are functions of the graph sequence G40, Gy,
GAZ, cees

. The scalars

in particular,

1 1 1/(nB)
6> 5 and AS(l—W> .

We note that the lower bounds on & and A can be
refined when some additional structure is imposed on the
underlying time-varying graphs. The results of Theorem 14
and their proofs can be found in [45] for a more gen-
eral case when f; are defined over R? with d > 1. A bet-
ter convergence rate can be obtained under the additional
assumption that the objective functions f; are strongly
convex; see [68].
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The first work to have employed push-sum decentral-
ized averaging within a decentralized optimization method
s [17], and it was further investigated in [69]-[71]. This
work focused on static graphs, and it has been proposed
as an alternative to the algorithm based on synchronous
decentralized averaging over undirected graphs in order to
avoid deadlocks and synchronization issues, among others.
This work also described a decentralized method based on
push-sum for multiagent optimization problems with con-
straints by using Nesterov’s dual-averaging approach. This
push-sum consensus-based algorithm has been extended to
the subgradient-push algorithm in [45] and [68] that can
deal with convex optimization problems over time-varying
directed graphs. More recently, the paper [72] has extended
the push-sum algorithm to a larger class of decentralized
algorithms that are applicable to nonconvex objectives, con-
vex constraint sets, and time-varying graphs.

References [73] and [74] combine EXTRA with the
push-sum approach to produce the DEXTRA (directed
extra-push) algorithm for optimization over a directed
graph. It has been shown that DEXTRA converges at a
geometric (R-linear) rate for a strongly convex objective
function, but it requires a careful stepsize selection. It
has been noted in [73] that the feasible region of stepsizes
which guarantees this convergence rate can be empty in
some cases.

V. EXTENSIONS AND OTHER WORK ON
DECENTRALIZED OPTIMIZATION

We discuss here some extension as well as other algorithms
for minimizing the average sum f(-) = (1/n) Yisfi() ina
decentralized manner.

A. Extensions

1) Per-Agent Constraints: When the nodes have a com-
mon convex and closed constraint set (known to each node)
Xc [Rd, the algorithms discussed in Section III easily extend
to handle the simple set constraints by performing projec-
tions on the set X. For example, the decentralized subgradi-
ent method in (16) can be modified to the following update
rule:

k. .k k k
xkHl = LZ ajjxj — o gi] (33)
where Ilx[] is the Euclidean projection on the set X. The sub-
gradient g of the function f; can be evaluated at the past iter-

ate x or at the point z ]eNkaﬁ Xj. Slnce the projection mapping
T[] is nonexpansive (.., || Tx[x] - I[y][l» < llx— ]I,
for all x,y), the convergence propert1es of the algorithm with
projections remain the same as that of the algorithm without
projections.

A more complicated case arises when the constraint
set is given as the intersection of per-node constraint sets,
i.e., X = n;X;, where each X; is a convex closed set and
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only known to node i. In this case, the node i update in (33)
is modified by replacing Ilx[-] with Iy [-], thus resulting in
the following updates:

Xt = [2 aj = “kg?].
]EN

The projections on the individual agents’ constraint sets
X; (instead of the true constraint set X = nl_; X;) introduce
additional “perturbations,” which can be controlled with the
stepsize o, provided that the sets X; exhibit some form of
regularity. Regularity is a condition requiring that the sum
of the distances of a point from the individual sets X; is lower
bounded by the distance of the point to the intersection of
the sets, i.e., Z?:l”x - HXi ”% > c||x - HX”% for all x. As
a result of these additional perturbations coming from the
sets X;, the convergence analysis of the method is much more
involved. This algorithm, including random set selections,
has been studied in [75]-[78] for synchronous updates over
time-varying graphs and for (random) asynchronous updates
over a static graph. A variant of this algorithm (using the
Laplacian formulation of the consensus problem) for decen-
tralized optimization with decentralized constraints in noisy
networks has been studied in [79] and [80].

2) Effect of Noise: We will discuss two possibilities,
the case of (stochastic) noisy (sub)gradients and the case
of noisy links. In the former case, the decentralized subgra-
dient method proceeds by using stochastic (sub)gradients
instead of subgradients. In particular, it assumes the follow-
ing form:

k+1 Z al] ] - Ofkg?(w)
]€N

where g’f (w) is a stochastic vector (depending on a random
variable w). As long as the stochastic subgradients have
zero mean and bounded variance (the conditions typically
needed for convergence of the centralized stochastic sub-
gradient method) the decentralized method above can con-
verge with probability 1 to a minimizers of f(-). In particular,
if the conditions of Theorem 8 are satisfied, and the sto-
chastic subgradient errors are such that E w[gf‘(w) [Exﬂ = gi-e
for some subgradient g? and [Ew[Hg?((o) - gi-e ||%|xﬂ < ¢?
for all k and i, then it can be seen that limj,_,ext = x* for
all i and for some x* € X*. Such a result can be shown by
incorporating the analysis of stochastic approximation
methods with that of the decentralized subgradient method;
the work addressing the decentralized stochastic methods
can be found in [48], [80], and [81] for undirected time-
varying graphs. Tighter bounds on the rate of convergence
are obtained for a stochastic version of the distributed dual
averaging algorithm in [82]. For the case of directed time-
varying graphs, the push-sum-based method is studied for
the case of stochastic subgradients in [45].

When the links are noisy, the agent i may receive x + 5,]
instead of the actual quantity x; kthat was sent byits nelghbor js
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where 53]? is a random link noise. The decentralized algo-
rithm has the following form in this case:

xkl = y a?j(x]’-g + §jk) - gl (o).
jeNt
Assuming that the noise process {55?} has zero mean
and bounded variance, one can show that all the iter-
ate sequences {x?} converge to the same minimizer
0] and [83)).

Decentralized inference algorithms for general estimation

of f(-) almost surely (see, for example, [8

problems (including nonlinear least squares) in stochasti-
cally time-varying networks under noisy gradient computa-
tion have been considered in [12]-[14].

3) Random Graphs: In the literature on decentralized
methods for multiagent optimization, the graph sequence
Gh,G2,...
objective is to develop decentralized methods, given a graph

is typically assumed to be externally given. The

sequence that constrains the agent communications. Under
such a point of view, the algorithmic design does not address
the question of designing the graph sequence, hence, does
not optimize the network connectivity structure.

Another common assumption encountered in the litera-
ture is that the graph sequence G',G?,... is deterministic.
The only work known to us that departures from such an
assumption is the case when the graph sequence {c7} is
independent and identically distributed (i.i.d.) random pro-
cess. Specifically, each G’ is a random realization drawn
from a given distribution on the set of all possible graphs
on n nodes. In such a case, the connectivity assumption is
imposed on the expected graph G = E[G']. In this case, the
decentralized subgradient becomes stochastic

k 1_
* Zaq]_agl(w)
]EN

where the neighbor sets NF¥ are random. To ease the repre-
sentation, the method is rewritten as

= Za ixf — gl (o) (34)
where A*is a stochastlc (or double stochastic), and random
with & = E[A7]. Assuming that the graph Gz is undirected
and connected, the above decentralized subgradient method
has been studied in [84]. A related version of the distributed
dual averaging algorithm is studied in the setting of i.i.d.
undirected graphs in [19].

A special case of such a random i.i.d. graph sequence
corresponds to the case when the agents use a random gos-
sip or a random broadcast to communicate over a network.
These random protocols have traditionally been used in net-
work communication literature as protocols designed for
asynchronous information exchange. They have also been
used in design of decentralized multiagent optimization
methods, as discussed in Section V-A4.

4) Asynchronous Versus Synchronous Computations: All
the algorithms we discussed so far have been synchronous in
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the sense that all nodes update at the same time and also
use the same stepsize " at iteration k. To accommodate the
asynchronous updates and, also, allow that agents use differ-
ent stepsizes, one may resort to a random gossip or broad-
cast communications, where a random link is activated for
communication (gossip) or a random node is activated to
broadcast its information to the neighbors. In this case, the
decentralized method assumes the form as given in (34)
where the matrix A* takes a particular form. Specifically, for
the random gossip scheme, the underlying undirected graph
G is static and, at any time k, only one edge is activated at
random, say the edge connecting agents i, and ji. In this
case, the matrix AR has the following form:
AF=1- r(ew — ejk) (e — ejk)T

where y € (0,1), and e; denotes the unit-norm vector with i
entry equal to 1 and all other entries equal to 0. Each matrix
Akis doubly stochastic, implying that the expected matrix A
is also doubly stochastic.

In the case of a random broadcast, at every iteration k,
each node can be activated with probability 1/n, and the
activated node broadcasts its value x* to all of the neigh-
bors j € N;. Given that a node i}, was activated at time k, the
updates follow the rule given in (34), where

k k
AS =y A=1-y,
AR &

forallje N,
Y

Aﬁ» =1, foralli# i, A% =0, otherwise
where y € (0,1). Here, the node i}, and the nodes that are
not its neighbors, £¢ Ny,

of the node i}, update. The matrices AF are stochastic but not

do not update Only the neighbors

doubly stochastic. However, they have a special property (in
expectation) that pushes the iterates toward a consensus
(see [47]), while the subgradients drive the iterates toward
a minimizer of f(-), resulting in an asynchronous algorithm
converging with probability 1.

Consensus algorithms implemented in a network using
gossip-based or broadcast-based communications have been
studied in [85]-[88], while a different consensus algorithm
(the push-sum method) has been considered in [62], [63].
A nonlinear gossip method is investigated in [89], while the
survey paper [90] provides a detailed account of gossip algo-
rithms for decentralized averaging and their applications to
signal processing in sensor networks.

B. Additional Work on Decentralized Optimization

A decentralized algorithm preserving an optimal-
ity condition at every iteration has been proposed in [91].
Decentralized convex optimization algorithms for weight-
balanced directed graphs have been investigated in contin-
uous-time [92].

A different type of a decentralized algorithm for convex
optimization has been proposed in [93], where each agent
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keeps an estimate for all agents’ decisions. This algorithm
solves a problem where the agents have to minimize a global
cost function fexp,...,x,) while each agent i can control
only its variable x;. The algorithm of [93] has been recently
extended to the online optimization setting in [81], [94],
and [95]. Decentralized algorithms based on the augmented
Lagrangian approach with gossip-type communications have
been studied in [20], and accelerated versions of decentralized
gradient methods have been proposed and studied in [96].
A consensus-based algorithm for solving problems with a sep-
arable constraint structure and the use of primal-dual decen-
tralized methods have been studied in [52], [97], and [98],
while a decentralized primal-dual approach with perturba-
tions have been explored in [99]. Work in [100] provides
algorithms for centralized and decentralized convex optimi-
zation from the control perspective, while Wan and Lemmon
[101] consider an event-triggered decentralized optimization
for sensor networks. In [102], a decentralized simplex algo-
rithm has been developed for linear programming problems,
while a Newton—-Raphson consensus-based method has been
proposed in [103] for decentralized convex problems.

Although our discussion has mainly focused on study-
ing asymptotic rates of convergence of iterative decentral-
ized optimization methods, in [104], it was shown that a
related approach based on consensus can solve general con-
strained abstract optimization problems in a finite number
of iterations.

All of the work mentioned above relies on the use of
state-independent weights, i.e., the weights that do not
depend on the agents’ iterates. A consensus-based algorithm
employing state-dependent weights has been proposed and
analyzed in [105].

Another popular decentralized approach for consensus
optimization over a static network is the alternating direc-
tion method of multipliers (ADMM). This method is based
on an equivalent formulation of the consensus constraints.
Unlike consensus-based (sub)gradient method, which oper-
ates in the space of the primal variables, the ADMM solves a
corresponding Lagrangian dual problem (obtained by relax-
ing the equality constraints that are associated with consen-
sus requirement). Just as any dual method, the ADMM is
applicable to problems where the structure of the objective
functions f; is simple enough so that the ADMM updates can
be executed efficiently. The algorithm has the potential to
solve the problem with a geometric convergence rate, which
requires global knowledge of some parameters including
eigenvalues of a weight matrix associated with the graph.
Arecent survey on the ADMM and its various applications is
given in [106]. The first work to address the development of
decentralized ADMM over a network is [107]-[109], and it
has been investigated in [110], while its linear rate has been
shown in [111]. For an explicit analysis of the relationship to
network topology, see [112] and [113]. In [114], the ADMM
with linearization has been proposed for special composite
optimization problems over graphs.

The work in [53] and [54] utilizes an adapt-then-
combine (ATC) strategy [115], [116] of dynamic weighted-
average consensus approach [117] to develop a distribute
algorithm, termed Aug-DGM algorithm. This algorithm
can be used over static directed or undirected graphs (but
requires doubly stochastic matrix). The most interesting
aspect of the Aug-DGM algorithm is that it can produce
convergent iterates even when different agents use different
(constant) stepsizes.

Simultaneously and independently, the idea of tracking
the gradient averages through the use of consensus has been
proposed in [53] for convex unconstrained problems and
in [55] for nonconvex problems with convex constraints.
The work in [55]-[57] develops a large class of decentral-
ized algorithms, referred to as NEXT, which utilizes various
“function-surrogate modules,” thus providing a great flex-
ibility in its use and rendering a new class of algorithms that
subsumes many of the existing decentralized algorithms.
The works in [56], [57] and in [54] have also been proposed
independently, with the former preceding the latter. The
algorithm framework of [55]-[57] is applicable to noncon-
vex problems with convex constraint sets over time-varying
graphs, but requires the use of doubly stochastic matrices.
This assumption was recently removed in [72] by using col-
umn-stochastic matrices, which are more general than the
degree-based column-stochastic matrices of the push-sum
method. Simultaneously and independently, the papers [57]
and [118] have appeared to treat nonconvex problems over
graphs. The work in [118] proposes and analyzes a decen-
tralized gradient method based on the push-sum consensus
in deterministic and stochastic setting for unconstrained
problems.

VI. CONCLUSION AND
OPEN PROBLEMS

We have discussed decentralized optimization methods for
minimizing the average of the nodes’ objectives over graphs.
We have considered undirected and directed time-varying
graphs, and computational models for solving consensus
problem in such graphs. Then, we have discussed decen-
tralized optimization algorithms that combine optimiza-
tion techniques with decentralized averaging algorithms.
We have also discussed extensions of the consensus-
based approaches and other decentralized optimization
algorithms.

In terms of algorithm scalability with the number n of
nodes, at present, it is an open question whether any improve-
ment on the quadratic convergence time of Proposition 5 is
possible without an additional assumption about the knowl-
edge of n (recall that the assumption of knowing a reason-
able upper bound on n was made in Theorem 6 to show a
linear scaling with n in the convergence time). Also, it is
not known whether a linear convergence-time scaling can
be obtained for time-varying graphs.
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Another question for future research is the implementa-
tion of decentralized algorithms with lower communication
requirements. In particular, even broadcast-based communica-
tions can be expensive, in terms of the power needed to broad-
cast in some sensor networks. A question is how to implement
decentralized algorithms with fewer communications, and
what tradeoffs are involved in such implementations. Some
initial investigations along these lines were presented in [119]
in the context of stochastic optimization, where progressively
more time is spent calculating gradients between each round of
communication as the number of iterations progresses. There
remains much further work to be done along these lines.

Finally, we remark that although there are well-
understood lower bounds on the number of iterations
required to achieve an e-optimal solution in the context
of centralized convex optimization [49], [120], much less
is understood about the fundamental limits of decentral-
ized optimization. Although bounds on the number of

iterations for centralized algorithms carry over directly to
synchronous decentralized algorithms, since any decen-
tralized algorithm can always be emulated on a central-
ized processor, these results do not provide insight into
how much communication is fundamentally required to
reach consensus on an €-optimal solution. In communica-
tion-constrained settings (e.g., where network links have
very low bandwidth), it remains an open question as to
how many iterations may be required, and a related line
of questioning would be to understand when there may be
tradeoffs between communication and computation (e.g.,
to reach an e-optimal solution there may be algorithms
which require significant computation and lower commu-
nication, or vice versa). |
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